Some representations of free ultrafilters by Pytkeev, E. G. et al.
Math-Net.Ru
All Russian mathematical portal
E. G. Pytkeev, A. G. Chentsov, Some representations of free ultrafilters, Vestn.
Udmurtsk. Univ. Mat. Mekh. Komp. Nauki, 2016, Volume 26, Issue 3, 345–365
DOI: https://doi.org/10.20537/vm160305
















 ©    	







    σ 





       
     ! "
  
	
 #  $   ! 
!  σ! % 
 !
  #$     
! 
  σ! !  




'  	 !	 (  !  !   
  
     % 
 )








    !"  #$ % &	' "# 
( )#* +#*,
  -).+/ 01 $$% "$$%    -2/ 3#  4' $ 5 !'
11 #'  σ,$)#* #1  -"$1)    #* 6 % 67/
).+  8 $ $#   !#! !   $ #$ &'( -$  1 &9' 4# 	(/ 
   $! $!$ 1 )1: 1"5 ! !"$  1 $  $  1,
 % ).+ -$ !  ) ).+  #47/;  8 7 !" $ &( <$ 5 ! #)6 ,
=! $  1+ 7  16 7  #4!$  #$ #)6 #! 6 4
$  1 )) ! σ,#4 #1% $  -.$/ 4 $   #!
#)65=4!   4 2 ) # !   * σ,$)#* #1 4 ,
4 ).+'  !=4 " ) %  1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 -."/ +)1:  8 $  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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   !"#  $%&# '( )!%!*+%!
#*")$   )5   1,$ )5 $#1) -1 ' !"1   /;
6" ∅ "6$ )  $ '

= D    #5' ∃ ! "$! +")
?)= )   @ A$7 $ "$ $ '  8#$  1 4 $
!#!5 ! $ $ 2$$ 1$)  # a  b D E1 '   6" {a; b}
"6$ - / $ ' = a, b   = 11% )4% 8#,
$  # s D E1 '   {s} = {s; s}  * 4# ' =7 s.
C" P(H) "6$ $7  % .$ $  H; P ′(H) = P(H) \ {∅},  Fin(H)
 * FGH $7  % 16% $  " P ′(H),    * $7  % ) % 16%
.$ H; (FIN)[H]

= Fin(H)∪{∅}. # H ∈ P ′(P(H)),   CH [H] = {H \H : H ∈ H} ∈ P ′(P(H))
 * $7 ' 7  1 H - 16  H 6 #*")$  #45 H, # $7,
  "$1) % $ /  #)6' 14 X D )  $7 '  Y D $ '  
X|Y = {X∩ Y : X ∈ X} ∈ P ′
(P(Y )) $$ # X  Y. # A  B D $ '   6" BA
"6$ $  %  7 " A  B - f ∈ BA  a ∈ A 6" f(a) "6$'
11 6' "6 f   61 a, f(a) ∈ B),  g ∈ BA  C ∈ P(A) 6" g1(C) "6$
" C  7  g : g1(C)

= {g(x) : x ∈ C}; #! "  7 - 6  '
# #* 7/ #*")$ 1)5 +$) "> # A = ∅  yx ∈ B  x ∈ A,
  y

= (yx)x∈A ∈ BA  1' 6  y(h) = yh ∀h ∈ A.
<$ $ 1  :#*   $7 ' +1)!  1:   * ) 




{E ∈ P ′(P(E))| (∅ ∈ E) & (E ∈ E) & (A ∩ B ∈ E ∀A ∈ E ∀B ∈ E)} -		/
 * $7  % π, $ &
' I 	9( .$ E  ?)#$@  ?:7@;
(alg)[E]






τ ∈ π[E] ∣∣ ⋃
G∈G
G ∈ τ ∀G ∈ P ′(τ)
}
. -	/
 -	/ # #4 .$ E,   -	/ D  #4  E.
# (H, τ)  * 11,# 2'   6" cl(A, τ) "6$ "$1 "#*4
$  A ∈ P(H)  $ 2; (τ − dens)[H] = {B ∈ P(H) | H = cl(B, τ)}, #)6$
$7  % 5) # %  (H, τ) .$ H.
C" R "6$ = )5 !$)5' N

= {1; 2; . . .} ∈ P ′(R). 2 p ∈ N  q ∈ N
p, q

= {s ∈ N | (p  s) & (s  q)};
−−−→m,∞ = {k ∈ N | m  k} ∀m ∈ N.
# S D )  $ '   (count)[S]

= {g1(N) : g ∈ SN}  * $7  %  #
6$ 6 %' ) % .$ S.
&,+%-  .&,+%!/&,+%- π011+2  1:  !=4 "# +1)$ π,
 $) E ∈ π[E]. 4
(Cen)[E ] =
{
C ∈ P ′(E) ∣∣ ⋂
Z∈K
Z = ∅ ∀K ∈ Fin(C)
}
-	9/
 * $7  % ) % : % $7  E . A )47  '
F
∗(E) = {F∈ P ′(E \ {∅}) | (A ∩ B∈ F ∀A∈ F ∀B∈ F) &
&
(∀F ∈ F ∀Σ∈ E (F ⊂ Σ) ⇒ (Σ ∈ F))} -	/




 * $  % +#*  $$4 0 #* 2 (E, E). 2  ).+ 2





= {U ∈ F∗(E) | ∀ F ∈ F∗(E) (U ⊂ F) ⇒ (U = F)} =
= {U ∈ F∗(E) | ∀Σ ∈ E (Σ ∩ U = ∅ ∀U ∈ U) ⇒ (Σ ∈ U)} =
= {U ∈ (Cen)[E ] | ∀ C ∈ (Cen)[E ] (U ⊂ C) =⇒ (U = C)}
-	
/
 * $  % ).+ 2 (E, E).  1' ).+ π, $ E D ) * $1$#* : ,
 $7  E   #*1   $ $' 6  &K' I ( ∀F ∈ F∗(E) ∃U ∈ F∗o(E) : F ⊂ U .
28 $) F
∗
o(E) = ∅ - $$ #' {E} ∈ F∗(E)  $ $ * # 7 / L'
6 
(E − triv)[x] = {Σ ∈ E | x ∈ Σ} ∈ F∗(E) ∀x ∈ E; -	K/





= {(E − triv)[x] : x ∈ E} ∈ P ′(F∗(E))












= F∗o(E) \ F∗o,t(E)










Σi ∈ U ∀ (Σi)i∈N ∈ UN
}
,
#)6! $  % σ,$)#* #1 % ).+ 2 (E, E). 2) *
ΦE(Σ)

= {U ∈ F∗o(E) | Σ ∈ U} ∀Σ ∈ E , -	M/
)  $7  (UF)[E; E ] = {ΦE(Σ) : Σ ∈ E}  * " T2, #4
T∗E [E]

= {G ∈ P(F∗o(E))| ∀ U ∈ G ∃U ∈ U : ΦE(U) ⊂ G} -	/
$  F
∗










)#*$ &	' "# 
(  $ $ 1  6  #)6 -4# -	/' -	/  16  E
$4) #*" *! #4 .$ E   #4!  E). 2 8 $  #)6' 14 E ∈ (alg)[E],
2 -		/ D )#*$7 1$1  #  E ∈ (top)[E],   -		/  * 81 $#* !"7
&	' I 9( 1$1 > # ) #  &M'(  "1#56 "# $ 1 1 1$!










(∀B1 ∈ B ∀B2 ∈ B ∀x ∈ B1 ∩ B2




8#$  -			/ D "  #47   #*1  # B ∈ (BAS)[E],  
{∪}(B) = {G ∈ P(E) | ∀x ∈ G ∃B ∈ B : (x ∈ B) & (B ⊂ G)} ∈ (top)[E] -		/
-  #4!  E, ! "7 B).  $ $  7 ' !"  ,
 #$ &' "$6 K	(




2 4 "$ $' 6  -$ -	// F
∗(P(E))⊂ (BAS)[E],   $)  F ∈ F∗(P(E))
# &' I 9	(  #4! {∪}(F) ∈ (top)[E], ! +#* $ F . N41  *
-$ -		//' 6 
{∪}(F) = F ∪ {∅} ∀F ∈ F∗(P(E)). -		/
<$ $  1+ !  16 !  #4 $5  -		/ -    ),
5=$  +#* / " -	/' -	
/  -		/  1 ' 6 
F ∈ F∗o
({∪}(F)) ∀F ∈ F∗(P(E)). -		9/
 )1:!   -		/' -		9/   !$ &9' 4# 	(' 15=$! $!
2 -$ &9' -		9M/' -		9	9/(/
 3 +*%-+- .&,+%!/&,+%- 4' 1#5
  !=$ "# +1)$ )  $  E   #45 τ ∈ (top)[E]. 1 )













o(τ) | G ⊂ U}. L' 6 
Noτ (x)

= (τ − triv)[x] ∈ F∗(τ) -/





τ | Noτ (x)
)∈ CF∗o(τ)[T∗τ [E]]\{∅} ∀x ∈ E. -/
 1'  -/ # )  "$1)  - 2 -	// .$ F
∗
o(τ); 1 " 8 % $,
  ?!"@ 1 +17  61 E.  8 7 !" $ 1 1 $$ ! 
%$  " +#*  -3O/ $  E;  1'
βo[E]

= {B ∈ P ′(P ′(E)) | ∀B1 ∈ B ∀B2 ∈ B ∃ B3 ∈ B : B3 ⊂ B1 ∩ B2}
 * $  % 3O E; $ &	' 4# P( # B ∈ βo[E],  
F[B] = {Σ ∈ P(E) | ∃ B ∈ B : B ⊂ Σ} ∈ F∗(P(E))
-$$' 6  P(E) ∈ π[E],   $) #! 8 4 #)6! $4) #*" *! ! !' ,
  "# 	/  6   -$ -//'  x ∈ E $$ Noτ (x) ∈ βo[E], 
Nτ (x)

= F[Noτ (x)] ∈ F∗
(P(E))
   ) &	' 4# P( -+#*  1  7 x  2 (E, τ)). # B ∈ βo[E]  x ∈ E,   &	'
4# P(
(B τ⇒x) def⇐⇒(Nτ (x) ⊂ F[B]). -9/
2 8 $ F
∗
o(τ) ⊂ F∗(τ) ⊂ βo[E],   $) -9/ $$ 1 #)65 B = U ∈ F∗o(τ).
	%&6 3   x ∈ E,  F∗o
(
τ | Noτ (x)
)
= {U ∈ F∗o(τ) | U τ⇒x}.








τ | Noτ (x)
)∈ P ′(F∗o(τ))




-#4 #5  &(/  $ $' 6  ∀G ∈ τ \{∅} ∃ U ∈ F∗o(τ)> G ∈ U . 1 #  ∀U ∈ F∗o(τ)(
(τ −Abs)[E] = {U})⇐⇒ (U = τ \ {∅}). -/
$    $  )6 $ #7 &( $$' 6  ∀U ∈ F∗o(τ)(
(τ −Abs)[E] = {U})⇐⇒ (F∗o(τ) = {U}).




)⇐⇒ (U = τ \ {∅}). -
/
A7  -/' -
/ %1 ")5 17 7 #)67  1 4 ).+' 1 # ,
$) $ 5 1 4 $ %$  #)5=$ "#
 7 $&(# 8!%11*(  191+ 1+1+ +*%-+( .&,+%!/&,+%!
5)  #*70$ #4 !' 6  E D 16 $  #$!' 1$  4'
6" P∞(E) "6 * $7  % 16% .$ E,P∞(E) ⊂ P ′(E). L' 6  P(K) ⊂
⊂ (FIN)[E] ∀K ∈ (FIN)[E]. $  4'
E \K ∈ P∞(E) ∀K ∈ (FIN)[E]; -	/






]∪{∅} ∈ (top)[E] -/
 * " !  #4! Q14 -1+ !  #4!/ &		' I 		(  $ $  70









= (FIN)[E] ∪ {E}. -9/




= E ∀A ∈ P∞(E). N41  *'
6  -/  * T1,'   T2,   2 8 $
No(cof)[E](x) = N(cof)[E](x) ∀x ∈ E. -/
N41  *' 6  (cof)[E]  * $*0!  1#565 T1, #4!  $  E.  ,
$ $' 6   #) -/





-$  8 7 !" -















(cof)[E] \ {∅}}= {CE[(FIN)[E]]}. -K/








(cof)[E]\{∅}} ∀x ∈ E. 28 $) -$
# 	/
(cof)[E] \ {∅}(cof)[E]=⇒ x ∀x ∈ E. -M/
 1'  1 7 ).+ -
/ % ! 1 #57  61 -164/ $  E. 7 ).+
!#! ! $'    * $ )  6 % % $ >









$  $  #4) A .$ E, )5  #47 (cof)[E].  1' A ∈ (alg)[E]
 1' 6  (
(cof)[E] ⊂ A) & (∀L ∈ (alg)[E] ((cof)[E] ⊂ L)=⇒ (A ⊂ L));
(E,A)  * 2  #47 $  N41  *' 6 





2 8 $' 11 #41  *' $ $  #4 -/>
(cof)[E] \ {∅} ∈ F∗o,f (A). -		/






#") !    A ) -)#*$7 1$1 / A4# -9/  -	/ {x} ∈ A ∀x ∈













(cof)[E] \ {∅}}. -	9/






L /∈ Fin(E) ∀L ∈ V. -	/




4# -9/ V = E ∈ (cof)[E]. A )6 $ -	/ #)6$' 6  V ⊂ (cof)[E] \ {∅}.  #)
$1$#*  V $$   V = (cof)[E] \ {∅}, 6$ "0 ! 1 -	9/ 








(cof)[E]\{∅}}.  $ $' 1:' 6 ' 1#*1)
A  4#  %  61 " E,  
(A− triv)[·] = ((A− triv)[x])
x∈E -	
/
 * 4$$+"$ 1 
(
E,P(E))  (F∗o,t(A),T∗A[E]|F∗o,t(A)). 3#  4' #
%2! 7 	








   
	 (A− triv)[·]  (	) (
E,P(E))  
 (F∗o(A),T∗A[E])  
F
∗
o,t(A) = (A− triv)[·]1(E) = {(A− triv)[x] : x ∈ E} ∈ (T∗A[E]− dens)[F∗o(A)].
1" #*  #) " )$!) 4 7  4$$+    -	
/  7 
#   &	' -		/R-		/( -$  1 # 	/









 : 1"+!# +$&(#  +*%-+- .&,+%!/&,+%-
  !=$ "# #4$' 6  E D 6  $ >  4 E = ∅  E /∈ (count)[E],
4 (count)[E] = {f1(N) : f ∈ EN}. 2 8 $
ω[E]

= (count)[E] ∪ {∅} ∈ P ′(P(E))
 * $7  %  # 6$ 6 % .$ E, (FIN)[E] ⊂ ω[E]. L'  6  ' 6  E D
16 $  C" Puc(E) "6$ $7  % 6 % .$ E,    *
Puc(E) = P ′(E) \ (count)[E] = P ′(E) \ ω[E];





= {E \ C : C ∈ ω[E]} ∈ P ′(P(E)) -9	/






]∪{∅} ∈ (top)[E]; -9/










= ω[E] ∪ {E}. -99/
" -99/  1 ' 6  cl
(
H, (coc)[E] = E ∀H ∈ Puc(E).  $ $' 6  " -9	/  -9/ #41
#) ' 6  (coc)[E]  * σ,$)#* #1 !  #4!>⋂
i∈N
Gi ∈ (coc)[E] ∀ (Gi)i∈N ∈ (coc)[E]N;
 1' -9/  * P ,   Q$ $  1' 6  (coc)[E]\{∅} = CE
[
ω[E]
]⊂ Puc(E).  1'
 2 -9/  )   1  $  6  A$ 2 -9/ !#! ! T1,'   T2,

























(coc)[E] \ {∅}}. -9
/
 5 6*' " -/  -9















(coc)[E] \ {∅}} ∀x ∈ E.
A )6 $ #! 	 #)6$' 6 
(coc)[E] \ {∅}(coc)[E]=⇒ x ∀x ∈ E. -9K/
A7  -9K/ #46 -M/ # 6 #)5=
	%&6 :   (4.5)   	  









  1  "    # *     21#*1) (FIN)[E] ⊂ ω[E],   CE
[
(FIN)[E]
]⊂ CE[ω[E]],   4
" -
/  -/ $$' 6  6 % $  " ).+ -9/ ) ' 6    #*
1" * 
















1" #*  #) " -9























(coc)[E] \ {∅}}. -9M/
 1'  1 7 - 2 -9// ).+ !#! !  $   $ $
C" (σ − alg)[E] )#$! "6 * $  % σ,#4 .$ E>
(σ − alg)[E] =
{
L ∈ (alg)[E] ∣∣ ⋃
i∈N





L ∈ (alg)[E] ∣∣ ⋂
i∈N




$  $  σ,#4) E .$ E, )5  #47 (coc)[E] : E ∈ (σ−alg)[E],
6$ (
(coc)[E] ⊂ E) & (∀L ∈ (σ − alg)[E] ((coc)[E] ⊂ L)=⇒ (E ⊂ L)). -9	/
 1' E  * σ,#4 #1% $ '  65=! 2 -9/
	%&6 :3 	
 	





1" #*  #! ) $'  1 11  #41 "#1 ! " #7 "1#5,
6 #*7 6    &( -$' 1$  4' &(  # 1 1$ "#'   1 &9' S 		9(/
 $ $ "* ' $!  ) -		/  -		9/'   #41!$7 +1 ' 6 




	%&6 :7  (coc)[E] \ {∅}     !" (E,E)
(coc)[E] \ {∅} ∈ F∗o,f (E). -9		/
  1  "    # *     " #! 9	  -9	/ #) ' 6  (coc)[E]\{∅}  * ),
  $7  E \ {∅},    *
(coc)[E] \ {∅} ∈ P ′(E \ {∅})
-$ -	/' -	
//' 6$ -$ # 9	/ #  ⋂
G∈(coc)[E]\{∅}
G = ∅. -9	/
A )6 $ -	/' -	
/  -9/ $$' 6 
A ∩ B ∈ (coc)[E] \ {∅} ∀A ∈ (coc)[E] \ {∅} ∀B ∈ (coc)[E] \ {∅}. -9	/





  4 #! 1 4 $  C ∈ ω[E] $$   G = E \ C. 2 8 $
E \ Λ ⊂ E \G = E \ (E \ C) = C,




  $) E \ Λ ∈ ω[E] '  #  *'





   * Λ ∈ (coc)[E] \ {∅}.  # $#1:5
(G ⊂ Λ) =⇒ (Λ ∈ (coc)[E] \ {∅}).
21#*1)  G  Λ # "#*$' ) #' 6  ∀G ∈ (coc)[E] \ {∅} ∀Σ ∈ E
(G ⊂ Σ) =⇒ (Σ ∈ (coc)[E] \ {∅}).
A )6 $ -	/  -9	/ #)6$' 6  (coc)[E] \ {∅} ∈ F∗(E). 21$' 6  7 +#* 
$1$#




]⊂ F˜ . -9	9/








] = ∅. -9	/








; 8 $) F˜ /∈ (coc)[E]\{∅}.
" -	/ $$  ) F˜ , 6  F˜ = ∅. 28 $) F˜ /∈ {∅}, '  #  *'
F˜ /∈ ((coc)[E] \ {∅})∪{∅};
 4 F˜ /∈ (coc)[E] -$$' 6  ∅ ∈ (coc)[E] 4# -9// 28 $) F˜ ∈ E \ (coc)[E],










,   $) F˜ = E




).  1' F˜ ∈ ω[E]. 4




' 11 # ' -$ -9	9// E \ F˜ ∈ F˜ . 28 $)' 4# -	/' $$  ) F˜ , 6 
F˜ ∩ (E\F˜ ) ∈ F˜ . J F˜ ∩ (E\F˜ ) = ∅ /∈ F˜ -$-	// 2#)6  )# -9	/  6









= (coc)[E] \ {∅}.  1' (
(coc)[E] \ {∅} ⊂ F˜)=⇒ ((coc)[E] \ {∅} = F˜). -9	
/
21#*1)  F˜ # "#*$' ) #' 6  ∀F ∈ F∗(E)(
(coc)[E] \ {∅} ⊂ F)=⇒ ((coc)[E] \ {∅} = F),
 1)  #) -	
/  1 ' 6 
(coc)[E] \ {∅} ∈ F∗o(E).
A )6 $ -9	/ #)6$  )$ 7  -9		/ 




 (coc)[E] \ {∅}⋂
i∈N
Σi ∈ (coc)[E] \ {∅} ∀ (Σi)i∈N ∈
(
(coc)[E] \ {∅})N.




  1  "    # *     2) * (Gi)i∈N ∈
(
(coc)[E] \ {∅})N. 4





T  "6 ' 6  ∀ j ∈ N ∃ C ∈ ω[E] : Gj = E \ C. $ #$'
E \Gj ∈ ω[E] ∀ j ∈ N.
1 #  #)6$  4' 6  ⋃
i∈N
(E \Gi) ∈ ω[E],
























" -9/  -9	K/ #)6$  *' 6 ⋂
i∈N
Gi ∈ (coc)[E] \ {∅}.











U ∈ F∗o(E) |
⋂
i∈N
Σi ∈ U ∀ (Σi)i∈N ∈ UN
}
. -9	M/
4 " #7 9  99 $$' 6 
(coc)[E] \ {∅} = CE
[
ω[E]






o,f (E) ∩ F∗o,σ(E) =
{
(coc)[E] \ {∅}}. -9/
  1  "    # *     " -9	/ $$ 6 #{
(coc)[E] \ {∅}}⊂ F∗o,f (E) ∩ F∗o,σ(E). -9	/
2) * Y ∈ F∗o,f (E) ∩ F∗o,σ(E). 4'  6  ' Y ∈ F∗o(E),   $) ∀Σ ∈ E
(Σ ∈ Y) ∨ (E \ Σ ∈ Y) -9/
- !"  -9/ $$' 6  E ∈ (alg)[E]; $  1 &K' -/(/ $  4' $$' 6 







Σi ∈ Y ∀ (Σi)i∈N ∈ YN
)
. -9/
21$' 6  C /∈ Y ∀C ∈ ω[E].  $$ #' ) $  > #! 1 4 $ 
C ∈ ω[E] $$' 6  C ∈ Y. 21#*1) ∅ /∈ Y,   C = ∅. 4 C ∈ (count)[E]  #! 1 7
# #* 
(xi)i∈N : N −→ E




#   C = {xi : i ∈ N} - ϕ = (xi)i∈N $$' 6  ϕ1(N) = {xi : i ∈ N}).
) $' 6  {xj} /∈ Y ∀ j ∈ N. 21#*1) {xj} ∈ (FIN)[E],   {xj} ∈ ω[E]  j ∈ N;




.   4
({xi})i∈N : N −→ E,
  $) -4# -9// #)6$' 6 
E \ {xj} ∈ Y ∀ j ∈ N. -99/
J  8 $ #)6  #) σ,$)#* #1   Y $$ " -99/' 6 








(E \ {xi}) ∈ Y,
  4 C∩ (E \C) = ∅ -$ -	//' 6  "$ A# #*'  0$ )# C ∈ Y
7 
{xj} /∈ Y ∀ j ∈ N
"$; 8 $) #! 1 4 ν ∈ N $ $  {xν} ∈ Y,  1) #41 #) ' 6 
Y = (E− triv)[xν ] ∈ F∗o,t(E),
6   1 "$'  1 11 Y ∈ F∗o,f (E) -$ "# 	/ 2 6 1" 7 
C /∈ Y ∀C ∈ ω[E].
2) * U ∈ Y. 4' 11 ) ) #' U ∈ E \ ω[E]. 2 8 $
(U = E) =⇒ (U ∈ (coc)[E] \ {∅}). -9/




' 1#* 1 U ∈ E, $$
" #! 9' 6  U ∈ (coc)[E]. #* 1 U = ∅ -$ -	//' #)6$' 6  U ∈
∈ (coc)[E] \ {∅}, 6$ "0 ! 1    $#1:
(U = E) =⇒ (U ∈ (coc)[E] \ {∅}).
A )6 $ -9/ #)6$' 6  U ∈ (coc)[E] \ {∅}  % "$% #)6!%  1' ) ,
#' 6 
Y ⊂ (coc)[E] \ {∅},
 1)  #) $1$#*  Y $$ -$ -	
/' # 9/' 6  Y = (coc)[E] \ {∅}.
21#*1)  Y # "#*$' ) #' 6 
F
∗
o,f (E) ∩ F∗o,σ(E) ⊂
{
(coc)[E] \ {∅}},
6$  "0 ! -$ -9	// 1 -9/ 
 "1#56 "#  $ $' 6  N(coc)[E](x) = N
o
(coc)[E](x) ∀x ∈ E.  7 
 -/
 ; !1<% 1"+( 1*%+! 1 1$&, ! *1"+9 +$&(
  !=$ 1 1$ "#' 11   )=$' #4$' 6  E D 6  $ ;
$ $ 2 -9/'   1 2 (E,E), 4 E ∈ (σ − alg)[E]  * σ,#4 #1%
$ '  65=!  #4 (coc)[E]. A )6 $ -99/  #! 9 $$' 6  ω[E] ⊂
⊂ E '  6  ' (FIN)[E] ⊂ E. 4
{x} ∈ E ∀x ∈ E. -	/





" -	/ #) '  6  ' 6  (E − triv)[x] ∈ F∗o(E) ∀x ∈ E. 2 -	
/ #!$
 
(E− triv)[·] = ((E− triv)[x])
x∈E∈ F∗o(E)E . -/








6$ " -	/ #41 #) ' 6 
P(F∗o,t(E))⊂ T∗E[E]. -9/
 6  ' F
∗





 16  *$ 64 # ! $$' 6  (E− triv)[·]  * 4$$+"$ 6 4
1 
(
E,P(E))  (F∗o,t(E),T∗E[E]∣∣F∗o,t(E)), 4
F
∗
o,t(E) ∈ (T∗E[E]− dens)[F∗o(E)].
%2! ; 	













o,t(E) = (E− triv)[·]1(E) = {(E− triv)[x] : x ∈ E} ∈ (T∗E[E]− dens)[F∗o(E)].
 = 
!&>  4191+! 2%5
  !=$ "# $ 5 !    2 (E,E) "# 9  $  $
2' 1#56! $ 16,  -1,/  $ )#! ! $$
(0, 1),$$ $ 1  "6!' #4!' 6  E 6 
  (add)[E]

= {μ ∈ RE | ∀Σ1 ∈ E ∀Σ2 ∈ E (Σ1 ∩ Σ2 = ∅) =⇒
(
μ(Σ1 ∪ Σ2) =
= μ(Σ1) + μ(Σ2)
)} $$ #7    ." 1, $  E  1)$
(add)+[E]

= {μ ∈ (add)[E] | 0  μ(Σ) ∀Σ ∈ E}
 : #*% - 66/ 8#$  C" (σ − add)[E]  (σ − add)+[E] "6$  ,
   $  % ." 6 , % -,/  % ."  : #*% , $
 E     2#4$ P(E)

= {μ ∈ (add)+[E] | μ(E) = 1}  Pσ(E) = {μ ∈ (σ−add)+[E] |
μ(E) = 1} - μ ∈ Pσ(E)   (E,E, μ) $$ !     / J1:' ) *
T(E)

= {μ ∈ P(E) | ∀Σ ∈ E (μ(Σ) = 0) ∨ (μ(Σ) = 1)} ,
Tσ(E)

= {μ ∈ Pσ(E) | ∀Σ ∈ E (μ(Σ) = 0) ∨ (μ(Σ) = 1)} ∈ P ′ (T(E)) .
-
	/
$  4'  
A(E)

= {μ ∈ (add)[E] | ∃ c ∈ [0,∞[: |μ(Σ)|  c ∀Σ ∈ E} -
/
$$  1 $  % ." 1, $ 467 :' #%  E -$ &	'
-M/' -9		
/(/ <")$ !' (σ − add)[E]  A(E) D ) * #7   
# x ∈ E,   6" δx ∈ Tσ(E) "6$ $) 1'  6)5   61 x> 
Σ ∈ E $$ δx(Σ) = 1, # x ∈ Σ,  δx(Σ) = 0, # x /∈ Σ. 4
D(E)










6 ! &	'  $ M	(' #)6$' 6   B(E)







f ∈ B(E) | f−1( ]−∞, c[ ) ∈ E ∀ c ∈ R} -
/
 * -$/ $  % !)%   #* 2 (E,E) ." +)1:7  E. #
f ∈ B(E,E)  μ ∈ A(E),   &	' -		/( # μ, 4# f  $  E>∫
E
f dμ ∈ R.
 $ $' 1:' 6  F
∗
o(E)  T(E)  =   $  #4!$ -$5 !  )
-/    #*! ∗,#!  #4!  T(E)    /   $ &	9' ,
# 9(  8 7 !" $ 1  $7  E> # S ∈ P(E),   #4$'
6 
XS : E −→ {0; 1} -
9/
#! !  $ #)5=4 #(
XS(S)





/    ) &	' -	9K/'-	9M/(  16  $7  S  -
9/ $ 
#*" *! -$ 	/' -	
// ).+ " F∗o(E). 2 8 $ &9' # 	99( T(E) = {XU :
U ∈ F∗o(E)}; #  4'  
U −→ XU : F∗o(E) −→ T(E)
!#! ! 1:7 - 4$$+"$$' $ &	9' # 9(/ 2 8 $ &9' -	K
/(






Tσ(E) \D(E) = {XU : U ∈ F∗o,f (E) ∩ F∗o,σ(E)}. -
K/
  1  "    # *     "6$ 6" X $   7 6  -
K/ 21$'
6  Tσ(E) \D(E) = X.
2) * η ∈ Tσ(E) \D(E). 4 " -

/ #) ' 6  #! 1 4 ).+
Y ∈ F∗o,σ(E) -
M/
#   η = XY. 28 $) -$ -
9/' -
//(
η(U) = 1 ∀U ∈ Y) & (η(Σ) = 0 ∀Σ ∈ E \Y). -
/
21$' 6  Y ∈ F∗o,f (E).  $$ #' ) $   4 1#*1) -$ -9	M/'
-
M// Y ∈ F∗o(E), $$' 6  ⋂
U∈Y
U = ∅. -
	/
2) * -$ -
	// x∗D 8#$ 6! % $  " Y,    * x∗ ∈ U ∀U ∈ Y.
4  #) -	K/ Y ⊂ (E− triv)[x∗],  1)  #) $1$#*  Y  1  
Y = (E− triv)[x∗]. -
		/
J  4 -$ -	K/' -
M// η = δx∗ -7  #*' " -	K/' -
/  -




⇔ (x∗ ∈ L), 4 L ∈ E),   $) η ∈ D(E), 6  "$ 2#)6  6
1" ' 6  Y ∈ F∗o,f (E). 1 #  -$ -
M//
Y ∈ F∗o,f (E) ∩ F∗o,σ(E),




  4 η ∈ X, 6$  "0 ! 1 #!
Tσ(E) \D(E) ⊂ X. -
	/
$ "#* ζ ∈ X. 4 #! 1 4 ).+
V ∈ F∗o,f (E) ∩ F∗o,σ(E) -
	/
$$   ζ = XV . T  "6 -$ -
//' 6 (





	/ $$  6 *5 1#56
ζ ∈ Tσ(E). -
	/
A )47  ' " -
	/  1 '  6  ' 6  -$ "# 	/⋂
V ∈V
V = ∅.
T  "6 ' 6  ∀x ∈ E ∃V ∈ V> x /∈ V   #) -	K/ #)6$' 6 
V = (E− triv)[x] ∀x ∈ E. -
	
/
A )6 $ -
	9/  -
	
/ #)6$ -1#*1) V ⊂ E), 6 
∀x ∈ E ∃V ∈ E : (x /∈ V ) & (ζ(V ) = 1); -
	K/
-
	K/ "6 ' 6  ζ = δx ∀x ∈ E. 4 ζ /∈ D(E) '  #  * -$ -
	//' ζ ∈ Tσ(E)\D(E),
6$ "0 ! 1 #!
X ⊂ Tσ(E) \D(E).
A )6 $ -
	/ #)6$   Tσ(E) \D(E) = X, 6    #* 1" * 
 #) #7 9  
	 #)6$  
Tσ(E) \D(E) = {X(coc)[E]\{∅}}. -
	M/
$  *' #)! &('  $    #4  $  A(E) -
/ #! 8 4










hdν ∀h ∈ H
}
∀μ ∈ A(E) ∀H ∈ P ′(B(E,E)). -
	/
A #*"$ -
	/ #!$ :#* $7  .$ A(E).  1' ) *
T˜E(μ) =
{
T˜E(μ,K) : K ∈ Fin
(
B(E,E)
)} ∀μ ∈ A(E). -
/
  $% -





G ∈ P(A(E)) | ∀μ ∈ G∃Γ ∈ T˜E(μ) : Γ ⊂ G} =
=
{





L' 6   μ ∈ A(E) $7  T˜E(μ) -









  61 μ, 6$ -$ -
	//  $  $7  -








$$ -  -
// ") 2 -
/'  !=)5 "  1 ,"$1) % $  1 #,
  #)6$' 6  -
/  * )#*$ T2,  
#$!  #)5=$  :$ 4#0> # (X, τ)  * 2' X = ∅, (xi)i∈N ∈
∈ XN  x ∈ X,  (
(xi)i∈N
τ−→x) def⇐⇒ (∀H ∈ Nτ (x)∃ m ∈ N : xj ∈ H ∀ j ∈ −−−→m,∞).
#' # (X, τ) D 2' X = ∅,  A ∈ P(X),   #4$
(seq − cl)[A; τ ] =
{




#)6! 1:#* "$1 A  (X, τ); # (seq − cl)[A; τ ] = A,   "$ A 1,
:#* "$1) $  (X, τ).
"=!* 1 -
/'  $ $' 6  -$ &' (/
Tσ(E) \D(E) = cl
(
D(E), Υ˜o(E)
)\(seq − cl)[D(E); Υ˜o(E)], -
/
6$ $  D(E) 1:#* "$1)   2 -
/ " -
	M/  -
/  1 #),










)\(seq−cl)[D(E); Υ˜o(E)] = cl(D(E), Υ˜o(E))\D(E) = {X(coc)[E]\{∅}}.
 1' $ #)6#' 6  1:#* "$1)  $  D(E) ∈ P ′(A(E))  "$1
 2 -
/ # 8#$ $  $' #!$$   σ,$)#* #1 4
4  1 4 ).+ -9	/  "1#56 $ $ =   1 )1: 
 -




= {T˜E(μ,C) : C ∈ (count)[B(E,E)]} ∀μ ∈ A(E). -

/
  $% -






G ∈ P(A(E))| ∀μ ∈ G∃C ∈ (count)[B(E,E)] : T˜E(μ,C) ⊂ G}=
=
{
G ∈ P(A(E))| ∀μ ∈ G∃Γ ∈ T˜ oE (μ) : Γ ⊂ G}. -
K/
L' 6  Υ˜o(E) ⊂ Υ˜o(E). <")$ !' -

/ #! !17 " #1#*)5 ")  #4
-
K/     )5=7  61 A(E); $  " $7  -

/ !#!5 ! -!17 "/





!#! ! )#*$$ T2,  $   "$ $ -$ &(/' 6 
Tσ(E) \D(E) = cl
(
D(E), Υ˜o(E)
)\(seq − cl)[D(E); Υ˜o(E)],
6$ D(E) 1:#* "$1)   2 -
M/ A )6 ! -









 D(E) 	 	  (





)\(seq − cl)[D(E); Υ˜o(E)] = cl(D(E), Υ˜o(E))\D(E) = {X(coc)[E]\{∅}}.
















!&> 3 4#%.1-  $%%-- /.*@5
  !=$ "# $ 5 ! 11 ": )% % 1# ." +)1:7 
6 $ $  E,  $> "$$%  % +)1:7  8 7 !"  $ $'
6  1#*1) Tσ(E) \D(E) = ∅,   -$ &9' # 	(/ $$ #)5= 7 >
∀C ∈ (count)[B(E,E)] ∃ H ∈ Puc(E) : f(x1) = f(x2) ∀ f ∈ C ∀x1 ∈ H ∀x2 ∈ H. -K	/





f ∈ RE | f−1(G) ∈ (coc)[E] ∀G ∈ τR
}
, -K/




∩B(E) ⊂ B(E,E) -$ -
/' -K//> !1! 46! ! +)1:! !#! ! ,
#17 28 $) " -K	/ $$
∀C ∈ (count)[C(E, (coc)[E])∩B(E)] ∃ H ∈ Puc(E) :
f(x1) = f(x2) ∀ f ∈ C ∀x1 ∈ H ∀x2 ∈ H.
-K/
A7  -K/' -K/ )15 ) 6 -$ &9' -	
9/(/ 7  #*'  #) -99/


















]∪ (ω[E] ∪ {E}) = ω[E] ∪ CE[ω[E]], -K9/




-$ -9// A# #*' σ,#4 E   σ,#47 &9'
-	
/( -$$  1' 6   0%  !%' 11   &9' -	/(' E /∈ ω[E]),   $)
 #) &9' -	
9/(
B(E,E) = {f ∈ B(E) | ∃C ∈ ω[E] : f(x1) = f(x2) ∀x1 ∈ E \ C ∀x2 ∈ E \ C}. -K/
21#*1) $7  ω[E] "$1)    #* 16%  6 % E7' #)6$
" -K/' 6 
∀C ∈ (count)[B(E,E)] ∃ C ∈ ω[E] : f(x1) = f(x2) ∀ f ∈ C ∀x1 ∈ E \ C ∀x2 ∈ E \ C. -K
/
 -K/  -K
/ #")5 ! ) ) 6!  5 6*' -K
/ )1 #*70





f ∈ RE | f−1(]−∞, c[) ∈ E ∀ c ∈ R} , -KK/
 4 B(E,E) = (Meas)[E;E] ∩ B(E). 1 6'  f ∈ RE  g ∈ RE(

















4'  6  ' $$' 6  ∀ f ∈ (Meas)[E;E] ∀ g ∈ (Meas)[E;E](
f ∨ g ∈ (Meas)[E;E]) & (f ∧ g ∈ Meas)[E;E]). -KM/
C" I "6$ ." +)1:5  E,    )5 :> I ∈ RE, 6$ I(x) =
1 ∀x ∈ E. 4 " -KM/  1 ' 6  ∀ f ∈ (Meas)[E;E] ∀ c ∈ R(
f ∨ (c I) ∈ (Meas)[E;E]) & (f ∧ (c I) ∈ (Meas)[E;E]) -K/
- -K/ $5 !  ) ?"1@ f 1  7 c). A )6 $ -K
/' -K/ #41 #) ' 6 
∀ f ∈ (Meas)[E;E] ∃ C ∈ ω[E] : f(x1) = f(x2) ∀x1 ∈ E \ C ∀x2 ∈ E \ C. -K	/
Q$ $' 6  C
(
E, (coc)[E]
)⊂ (Meas)[E;E],   $) " -K	/ $$' 6 
∀ f ∈ C(E, (coc)[E]) ∃ C ∈ ω[E] : f(x1) = f(x2) ∀x1 ∈ E \ C ∀x2 ∈ E \ C. -K		/
	%&6 ?   f ∈ C(E, (coc)[E]),  ∃ c ∈ R : f = c I.





  1  "    # *     2) * ϕ ∈ C(E, (coc)[E]). A )6 $ -K		/ $ Ω ∈ ω[E]
 1' 6 
ϕ(x1) = ϕ(x2) ∀x1 ∈ E \ Ω ∀x2 ∈ E \Ω. -K	/
L' 6  E \ Ω = ∅; $ x∗ ∈ E \Ω  #4$ α = ϕ(x∗), α ∈ R.  #)  
ϕ $$' 6 
Γ

= {x ∈ E | ϕ(x) = α} = ϕ−1( ]−∞, α[ ) ∪ ϕ−1( ]α,∞[ ) ∈ (coc)[E]. -K	/




])∨(Γ = ∅). -K	9/




. 4 #! 1 4 Λ ∈ ω[E] $$   Γ = E \ Λ, 4
1 E \ Λ ∈ Puc(E)  #) 6   E. 4 Γ ∈ Puc(E) ' 11 # '
Γ /∈ ω[E]. -K	/
2 ) x∗  #5 α $$' 1' # Γ ⊂ Ω -$ -K	/' -K	//'   4





  4 " -K	9/ #) ' 6  Γ = ∅.  #) -K	9/ #)6$' 6  ϕ(x) = α ∀x ∈ E. T 
"6 ' 6  ϕ = α I, 6    #* 1" * 





= {c I : c ∈ R},
   * $  0$ #)6 1"5 ! +)1:,1     #*1 
"=!* 1 -K	/'  $ $ =  6 # '  $>
∀C ∈ (count)[(Meas)[E;E]] ∃C ∈ ω[E] : f(x1) = f(x2) ∀ f ∈ C ∀x1 ∈ E \ C ∀x2 ∈ E \ C.
 A 
!& 7B *+%- $%1-> 1# !- 1 $%&6#2 +*%-+(
1( σ02.&,+$&*!+( .&,+%!/&,+%!
J$$ -	/   $! $  *  #! % σ,$)#* #1 %
).+  )4% σ,#4% .$ 6 4 $  E  $ 7 $   !=$
"# +1)$ σ,#4) L ∈ (σ − alg)[E], #! 1 7 - -	//
{x} ∈ L ∀x ∈ E. -M	/
N41  *' 6  E ⊂ L. J ))   * 7  ).+ " $  F∗o,f (L)∩ F∗o,σ(L);
#)67 )   #4 $   1#56 !
 $ $' 6  " -M	/ #41 #) # ω[E] ⊂ L.
	%&6 A   U ∈ F∗o,f (L) ∩ F∗o,σ(L),  	
 	

U ∩ E = (coc)[E] \ {∅}. -M/
  1  "    # *     Q$ $  4' 6 
ω[E] ∩ U = ∅. -M/
 $$ #' ) $  > ω[E]∩ U = ∅. 2) * Ω ∈ ω[E]∩ U . L' 6   8 $ #)6
Ω ∈ (count)[E] -$ -	// 2) * ϕ ∈ EN #") Ω   ">









21#*1) U D 7 ).+'   {ϕ(j)} /∈ U ∀ j ∈ N.  8 $ #)6 E \ {ϕ(j)} ∈ U ∀ j ∈ N









(E \ {ϕ(j)}) ∈ U ,
   * E \ Ω ∈ U . 2#)6#' 6  Ω ∈ U  E \ Ω ∈ U , 6  "$ -$ -	// 2#)6
 6 1" # * -M/  1' C /∈ U ∀C ∈ ω[E]. 1 #  E\C ∈
∈ U ∀C ∈ ω[E]. $ #$ -$ -9	/' -9//'
(coc)[E] \ {∅} = CE
[
ω[E]
]⊂ U . -M9/
 $ $' 6  U ∩ E ∈ F∗(E); $ &K' -9/( " -M9/ $$  )6 $ #! 9' 6 
(coc)[E] \ {∅} ⊂ U ∩ E,
 1)'  #) $1$#*  ).+ (coc)[E] \ {∅}' #)   -M/
	%&6 A3   U ∈ F∗o,f (L) ∩ F∗o,σ(L),  U ⊂ Puc(E).
  1  "    # *     O1)$ U ∈ F∗o,f (L) ∩ F∗o,σ(L). 4  1 ' 11   ,
# M	' ) # !' 6  ω[E] ∩ U = ∅. 28 $) U /∈ ω[E] ∀U ∈ U . $    $
U ⊂ P ′(E)  #) -	/' -	
/ A #  *' U ⊂ P ′(E)\ω[E],   $) -$ "6!  6#
"# 9/ U ⊂ Puc(E), 6    #* 1" * 
 1' $$ - $ $$ #)6   4 2 (E,L)  7 $ -M	//' 6 
17 σ,$)#* #1 7 7 ).+ σ,#4 L    #*1 " 6 %
.$ E.
8!2"! A <$ $ 11 7 $ 6 4 $  E, σ,#4 L ∈
(σ − alg)[E]  7 $ -M	/' #! 1 %
(L = E) & (F∗o,f (L) ∩ F∗o,σ(L) = ∅). -M/
 1' #4$  $ "$6' 6  E = [0, 1], σ,#4) E .$ E $$  $#
"# 9 -$ # 9/ C" L "6$ $7  % .$ E = [0, 1], "$$%
 N4) -$ Lba &9' -M/(  a = 0' b = 1/
2) * λ  * FGH # $ N4  L -λ  * $ λba &9' -M		/(  )#' 6  a = 0
 b = 1).  !1$ #)6
λ ∈ (σ − add)+[L]. -M
/
A#)! &9' -		9	/(' $  $  $7  Nλ

= {L ∈ L | λ(L) = 0} 
Fλ = CE[Nλ] = {E \N : N ∈ Nλ}. -MK/
4 λ(F ) = λ(E) = 1 ∀F ∈ Fλ. J$$' 6  &9' -		9
/( Fλ ∈ F∗(L). 21#*1) L ∈
∈ (σ − alg)[E] -$ &9' -M	/(  a = 0  b = 1),   -$ -M
//' 4# &9' -	
/' -		/('
$$  -9	M/' 6 
Fλ ∈ (σ − F)[L],
4 (σ − F)[L] #! !  &9' -		/(>
(σ − F)[L] =
{
H ∈ P ′(L) | (∅ /∈ H) &
(⋂
i∈N
Hi ∈ H ∀ (Hi)i∈N ∈ HN
)
&









C" L "6$ # σ,#4) .$ E = [0, 1], )5 $7 $ Fλ .$ E. 4
&9' -		9	/(
L = Fλ ∪ CE[Fλ] = Fλ ∪Nλ; -M/
L ∈ (σ − alg)[E].  $ $' 6  L ⊂ L ' 4# &9' -		9	9/('
Fλ ∈ F∗o,σ(L) -M	/
-)6 $  ' 6  Fλ ⊂ L). Q$ $' 6   ) λ $$ 7  λ({x}) = λ([x, x]) = 0
∀x ∈ E. 1 #  #)6$' 6 
{x} ∈ Nλ ∀x ∈ E. -M		/
28 $)  )6 $ -M/ $$' 6  σ,#4 L # 7 $ -M	/'    * {x} ∈ L 
x ∈ E. 2 8 $ &		' I 	( 1  $  K ∈ L # 7 $ λ(K) = 0. 28 $)
K ∈ Nλ; $    $ K ∈ Puc(E). " -M/ $$' 6  K ∈ L. 2 8 $' 1' K /∈ ω[E] '




-$ -99// $  4' E \K ∈ L  λ(E \K) = 1. 21#*1)'
11 #41  *' ω[E] ⊂ Nλ,   E \K /∈ ω[E]. A )47  '  #) -9/(
K ∈ (coc)[E])=⇒ ((K = ∅) ∨ (E \K ∈ ω[E])). -M	/
21#*1) K = ∅  E \K /∈ ω[E], $$ " -M	/' 6  K /∈ (coc)[E]. 28 $)(
K /∈ (coc)[E]) & (K /∈ CE[(coc)[E]]).
 #) #! 9' $!$4  #)6 E = [0, 1], #)6$' # #*' 6 K /∈ E.
A #  *
K ∈ L \ E. -M	/
28 $) -$ -M	// L \E = ∅. $    $' 1#*1) L # 7 $ -M	/'   E ⊂ L.
Q$ $' 6   #) -MK/' -M	/  -M		/ $ {x} /∈ Fλ ∀x ∈ E. 4 6





4 Fλ ⊂ (L − triv)[x∗],   #) -	K/  $1$#*  Fλ, $$   Fλ = (L−
−triv)[x∗]; 8 $) -$ -M	// {x∗} ∈ Fλ, 6  "$ 2#)6  6 1",
  )$ 7  )   6! % $  " Fλ,   $) Fλ ∈ F∗o,f (L).
A )6 $ -M	/ $$' 6 
Fλ ∈ F∗o,f (L) ∩ F∗o,σ(L); -M	9/
 #) #! M	  -M	9/ $$' 6  Fλ ∩ E = (coc)[E] \ {∅}. )$ 7  -M/
) # 
9&:9;< =:"> ?"( @
/ A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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Constructions related to the representation of free σ-multiplicative ultrafilters of widely interpreted mea-
surable spaces are considered. These constructions are based on the representations connected with the
application of open ultrafilters for co-finite and co-countable topologies. Such ultrafilters are preserved (as
maximal filters) under the replacement of topologies by algebra and σ-algebra generated by above-mentioned
topologies, respectively. In (general) case of co-countable topology, uniqueness of σ-multiplicative free ultra-
filter composed of nonempty open sets is established. It is demonstrated that the given property is preserved
for σ-algebras containing co-countable topology. Two topologies of the space of bounded finitely additive
Borel measures with the property of uniqueness of remainder for sequentially closed set of Dirac measures
under the closure construction are stated.
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